Abstract. In this paper, we study the normalised characteristic scale of transition to cosmic homogeneity, R H /d V , as a cosmological probe. We use a compilation of the SDSS galaxy samples, comprising more than 10 6 galaxies in the redshift range 0.17 ≤ z ≤ 2.2 within the largest comoving volume to date, ∼ 8h −3 Gpc 3 . We show that these samples can be described by a single bias model as a function of redshift. By combining our measurements with prior Cosmic Microwave Background and Lensing information from the Planck satellite, we constrain the total matter density ratio of the universe Ω m = 0.340 ± 0.029 and the Dark Energy density ratio Ω Λ = 0.668 ± 0.023. Our results are compatible with a flat ΛCDM model. These results show the complementarity of the normalised homogeneity scale with other cosmological probes and open new roads to cosmometry.
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homogeneity scale in large scale structure surveys. In section 4.2, we describe how we select the bias model for the homogeneity scale. In section 4.3, we set up the Monte Carlo Markov Chain (MCMC) analysis. In section 4.4, we show the results of our analysis. In section 4.5, we present the systematic tests that we performed to ensure the accuracy and precision of our analysis. Finally, in section 5, we discuss our conclusions.
Dataset
The Sloan Digital Sky Survey (SDSS) is a suite of surveys using the 2.5-meter Sloan Telescope [45] , located at the Apache point Observatory in New Mexico, USA. During SDSS-III [46] , the BOSS project [42] collected optical spectra for over a million targets. The spectroscopic galaxy sample of BOSS DR12 [47] is divided into two catalogues: the (Low Redshift) LowZ sample and the CMASS sample.
The sky coverage of the CMASS galaxy sample is ∼ 10, 200 deg 2 , the LowZ galaxy sample is about ∼ 9, 200 deg 2 . Objects were selected following the CMASS and LowZ colour cuts described in Reid et al. [48] . For the CMASS sample, we selected objects in the redshift range 0.43 < z < 0.70, comprising more than 800, 000 objects. For the LowZ sample, we use galaxies in the redshift range 0.172 < z < 0.43, comprising of 400,000 galaxies. Note that, unlike Reid et al. [48] , we do not use the galaxies less than z < 0.172, since to estimate the error on our observable we need mock catalogues which are not available below that redshift (see section 2.2).
We also use the publicly available Data Release 14 [44] of SDSS from the eBOSS project [42] , which contains Luminous Red Galaxies (eLRG) and quasars (QSO). The eLRG sample of the extended survey covers the redshift range 0.6 ≤ z ≤ 1.0 over an effective area of about 2000 deg 2 , as selected by Bautista et al. [49] . At higher redshifts, the QSO sample, as selected by Laurent et al. [50] and Zarrouk et al. [51] , covers the redshift range 0.8 ≤ z ≤ 2.2 with a sky coverage of 2200 deg 2 . Table 1 summarises our sample, where the number of galaxies is given for the North Galactic Cap (NGC) and the South Galactic Cap (SGC) separately. The eLRG sample is truncated to 0.7 ≤ z ≤ 0.8 in order to avoid correlations with CMASS and QSO samples in overlapping regions. The redshift binning was selected such to ensure compatible statistical errors.
Weighting Scheme
To correct for known clustering systematics, we must apply a particular weight to each galaxy. For LowZ, CMASS and eLRG samples, we follow the weighting scheme [21, 48, 49] where we weight each galaxy according to,
where w F KP is the common weight accounting for optimisations of the clustering statistics and a luminosity independent clustering bias [52] ; w systot = w star * w see is the total angular systematic weight accounting for the seeing effect and the star confusion effect; w cp accounts for the fact that the survey cannot spectroscopically observe two objects that are closer than 62 and w noz accounts for redshift failures. For the QSO sample, Zarrouk et al. [51] have shown that in order to account for the efficiency of the instrument at the edges of the focal plane, we need to treat the QSO sample with the weighting scheme:
2) where w f ocal accounts for the inefficiency of the focal plane of the SDSS telescope. This weighting scheme was shown by the authors to give better estimates of clustering statistics and we expect the same for our statistic.
Mocks, Bootstraps and Covariance matrices
To estimate the errors and covariance matrices in this analysis we used mock catalogues and the bootstrap internal sampling method. We used the Quick Particle Mesh (QPM) mock galaxy catalogues produced by White et al. [53] . The method is based on using quick, lowresolution particle mesh simulations that accurately reproduce the large scale dark matter density field. Particles are then sampled from the density field based on their local density such that they have N-point statistics nearly equivalent to the halos resolved in high-resolution simulations. These simulations are used to create a set of mock halos that can be populated using halo occupation methods to create galaxy mocks. Then the survey geometry is imprinted on those catalogues to produce the mock catalogues that we use in this study. The cosmology used to obtain these catalogues is:
3)
The SDSS collaboration has available the QPM mock catalogues for the LowZ and CMASS samples. We used 100 of them to compute the covariance matrix of the fractal dimension D 2 , see section 3.
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Mock catalogues were not available at the time for the eLRG and QSO samples, so we used a bootstrap internal sampling method. The bootstrap method consists of subsampling each galaxy catalogue with replacement. Then we compute D 2 for each sub-sampled catalogue to produce the covariance matrix. For either method the covariance matrix is given by: 4) where N r is the number of realisations. For our fitting method, we corrected our precision matrix following Taylor et al. [54] , using
ij , where N d is the number of data bins.
Method
In this paper, we are interested in the theoretical prediction of a characteristic scale of homogeneity of the universe, R H (henceforth homogeneity scale), for a given theoretical model, in our case the open-ΛCDM model. This homogeneity scale, following N18 and references therein, can be defined as the scale at which the fractal dimension, D 2 , takes the value corresponding to a three dimensional homogeneous distribution to within 1% precision, formally written as:
where the fractal correlation dimension is given by,
where ξ is the two-point correlation function. The two point correlation function is related to the Power Spectrum, P (k), through the Fourier Transform,
In order to retrieve all these related quantities, we use the CLASS code [55] to solve the perturbed Einstein-Boltzman equation to obtain P (k) for a given cosmology. We have made our codes for the computation of the homogeneity scale and related quantities publicly available 1 .
Cosmometry with R H
From the observational point of view, we need to infer distances from (z, R.A., Dec) positions of galaxies. Therefore, we transform them into comoving coordinates in the following way. It is convenient to introduce the following quantities. The comoving distance:
where d H = c/H 0 , H 0 is the Hubble expansion rate today, c is the speed of light and
is the usual normalised Hubble expansion rate as a function of redshift depending on the standard cosmological components of the universe,
The cube of the volume distance (or comoving volume element),
where d M is the motion distance (or transverse comoving distance).
Having these tools to hand, we use the Landy and Szalay [56] estimator to extract the two-point correlation function from the positions of galaxies in the catalogue. From this, using Eq. 3.2 and Eq. 3.1, we extract the fractal dimension and the homogeneity scale. Now using Eq. 3.5, we normalise the homogeneity scale, according to Rich [57] , which defines our observable:
for different redshift slices and for a given fiducial cosmology. This normalisation ensures that the observable is independent of the h parameter. Keep in mind that our observable is biased with respect to the total matter of the universe, therefore we take that into account as we explain in section 3.2. Additionally, the likelihood may be biased towards the fiducial cosmology and we study this effect in section 4.5.
Cosmic Bias model for R H
The homogeneity scale for a given tracer of matter, such as the galaxy distribution, R G H , is related to the homogeneity scale of the matter distribution,
where b R H (z) is the bias model as a function of redshift. The different galaxy samples that we are using may potentially have a different bias. This means that the number of parameters of our model will be large and potentially we will not be able to constrain cosmological parameters with few data bins. In order to have a small number of parameters in the bias model, we investigate the possibility of modelling the bias with one single model for all galaxy samples. For that reason we investigate two different bias models. The first one is:
following Amendola et al. [58] , Montanari and Durrer [59] . The second one is a piecewise linear bias model as a function of redshift. For lower redshifts z < z , we use the linear bias:
while for the higher redshift QSO sample, the cosmic bias, according to Laurent et al. [60] , is:
We make the assumption that there is a continuity between the lower redshifts and higher redshifts at z ∼ z and therefore we impose the following continuity conditions between the two redshift regions:
After some algebra we find that:
Now, Eq. 3.10 can re-written, as a function of b 0 and z as:
Therefore, the cosmic bias model for the homogeneity scale at redshifts 0.0 < z < 2.2 can be written as :
We choose z = 0.8 which is the redshift where the QSO sample starts. In section 4.2, we test both of the above bias models against the data.
Analysis
In this section, we describe our analysis given the method described in section 3. We briefly describe the estimation of the normalised homogeneity scale as obtained from the different galaxy catalogues. Then we describe the method that we used in order to choose the best bias model for the homogeneity scale. Then we present the Monte Carlo Markov Chain (MCMC) analysis that we performed in order to constrain cosmology. We also present the test against the fiducial cosmology.
Observable Estimation
For each of the galaxy samples described in section 2, the fractal dimension, D 2 (r), as defined in Eq. 3.2, is computed over the range r = [50, 200] h −1 Mpc, at each redshift bin. We use the 100 QPM mocks (or 100 bootstraps, see section 2.2) for the different redshift bins to construct the covariance matrix of D 2 . The function, D 2 , is then fitted by a spline. The homogeneity scale of the galaxy samples, R G H is then the scale at which this spline crosses D 2 = 2.97. extracted using the definition given in Eq. 3.1. Table 2 shows the estimated homogeneity scale, R G H , the theoretical homogeneity scale for the total matter, R m H , and the volume distance, d V , for the different galaxy samples in the different redshift bins.
Since we make estimates from the galaxy samples, our observable is given by:
while the theoretical expectation is given by:
where i = 1, 2 for the two different bias models that we study (see section 3.2). 
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Bias model selection
In order to select one bias model for all redshifts, we kept the fiducial cosmology fixed and we fitted the parameters of the bias model. We performed the fit for each sample separately, at low redshift with Eq. 3.9. We fitted the b 0 parameter at each sample, LowZ, CMASS, eLRG. While for high redshifts we fitted the bias model Eq. 3.10 with two free parameters, b 1 , b 2 . Figure 1 shows the normalised homogeneity scale as measured in our four galaxy samples, LowZ (blue), CMASS (purple), eLRG (yellow) and QSO (green). The coloured bands represent the 2σ uncertainty on the best fitting bias parameters for each sample, as described above. Table 3 . Measurement of the cosmological parameters for the two different bias models, as described in section 4.2, considering the combination, The different bias parameters are highly compatible with one another. For example, the best fitting bias model for the QSO sample and the best fitting bias model for the eLRG sample, are compatible to the level of χ 2 = 1.4σ T . This justifies the fact that we can use the same bias model at all redshifts. In order to select the best bias model between the two candidates, Eq. 3.9 and Eq. 3.16, we performed a test. We fitted the two models to the data, and we investigated the χ 2 . In table 3, we show that the first model performs better since it has a lower χ 2 . We repeated this test using the p qpm fiducial cosmology on the data and we obtained similar results. Henceforth, all the results we present have been found using the first bias model. 
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MCMC set-up
We used an MCMC 2 to sample the posterior probability distribution of our cosmological parameter space p = (b 0 , Ω m , Ω Λ ), to determine the cosmological constraints provided by the normalised homogeneity scale. The likelihood for a given set of cosmological parameters, θ, is expressed as L(p) ∝ exp −χ 2 (p)/2 , where χ 2 is:
where C is the covariance matrix, and ∆(p) = O − M(p); M is the theoretical prediction; O is our observable, given by Eq. 4.1. We looked for covariance between the redshift bins and found it to be negligible. Therefore, we only used the diagonal of the covariance matrix. In order to accelerate our MCMC, we computed R M H (z) on a grid of 20 3 for the z, Ω m , Ω Λ parameters, and we used a 3D interpolation method to obtain the theoretical prediction of the homogeneity scale. We ran our MCMC with flat priors 0.0 ≤ z ≤ 2.2, 0.2 ≤ Ω m ≤ 0.9 and 0.4 ≤ Ω Λ ≤ 0.9.
In addition to our observable, we also used prior information on the (Ω m , Ω Λ ) plane as obtained by Planck 2018 [7] from the CMB and the CMB+Lensing measurements.
Results
In Fig. 2 , we present the normalised homogeneity scale for the galaxy distribution of the universe as a function of redshift. The quantity, R H /d V , is plotted for the four galaxy samples that we study, i.e. the LowZ sample (blue), the CMASS sample (magenta), eLRG D R A F T sample (yellow) and the QSO sample (green). Figure 2 also shows the two best fitting models, one using only the galaxy data, the other one obtained in combination with CMB+Lensing.
In Fig. 3 We find that R H /d V alone can constrain the measurement of Ω m . The addition of information from R H /d V improves constraints relative to the CMB alone wtih 33% reduction of the uncertainty for Ω m and 26% for Ω Λ . While when we add the normalised homogeneity scale to the CMB+Lensing we have an improvement of a 20% reduction of the uncertainty for Ω m and 21% for Ω Λ . These results show that the combination of the homogeneity scale
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with the CMB provides results comparable to CMB+Lensing. These results demonstrate that R H /d V can be used as a probe to constrain cosmological parameters. In particular, it can be used to improve the cosmological measurements in the (Ω m , Ω Λ ) plane 3 . 
Study of systematic effects
In order to quantify any bias coming from the values of the fiducial cosmology, we performed a dedicated study. We repeated the measurement on the data using the cosmology from the mock catalogues as the fiducial cosmology. 
Conclusion and Discussion
In this work, we have demonstrated that the normalised characteristic scale of transition to cosmic homogeneity, R H /d V , can be used as a cosmological probe with large scale structure surveys. For this, we have used four publicly available galaxy samples, LowZ, CMASS, eLRG and QSO of the Sloan Digital Sky Survey. We have also used an empirical approach in order to extract a redshift dependent bias model for the normalised homogeneity scale at all redshifts from the different galaxy samples. In order to quantify the additional cosmological information contained in the normalised homogeneity scale, we have performed an MCMC analysis and we have explored the open ΛCDM model. By combining our measurements with CMB+Lensing prior information, we found Ω m = 0.340±0.029 and Ω Λ = 0.668±0.023, consistent with a flat ΛCDM cosmological model at the 1σ level. The inclusion of R H /d V improves CMB+Lensing constraints alone by a reduction on the uncertainty of the order of 20% for Ω m and 21% for Ω Λ . There is, therefore, a clear gain when it is combined with CMB+Lensing information.
The normalised homogeneity scale shows evidence for a flat-ΛCDM cosmology. This is in agreement with current literature on the combination of galaxy clustering and other probes [7] . In particular, we find Ω k = −0.0072 ± 0.0079 which is comparable to the Planck value, Ω CMB+Lensing+BAO k = 0.0007 ± 0.0019. The BAO analysis performed in Aghanim et al. [7] , takes into account two dimensional information from galaxy clustering, r ⊥ , r || . In contrast, in this work, we have not taken that into account, which might result in our lower constraining power. Therefore, further studies are required with more sophisticated analysis to combine this measurement with other probes.
In this work, we measured the homogeneity scale on the QSO sample independently from Laurent et al. [20] , Gonçalves et al. [22] . We acquired results that are compatible and more precise. We have more precise results than Gonçalves et al. [22] , since they used narrower redshift bins than us. Laurent et al. [20] have used an outdated QSO catalogue from BOSS, while we are using the eBOSS QSO catalogue which is both deeper and denser. Therefore, we get more precise measurements.
Nesseris and Trashorras [61] have argued that the homogeneity scale cannot be considered as a standard ruler and that it cannot constrain cosmological parameters since it does not have a one-to-one dependence on Ω m . We agree with the first statement. Since R H evolves with time (and therefore redshift) it cannot be considered to be a standard ruler. However, we disagree with their second conclusion. In this paper, we have shown that the normalised homogeneity scale, R H /d V , without the addition of other probes, can be used to place a constraint on Ω m . In addition we have shown that in combination with CMB+Lensing, the normalised homogeneity scale also improves the constraint on Ω m and Ω Λ .
In conclusion, we have revealed the complementarity of the homogeneity scale with respect to other cosmological probes.
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Finally, we stress that this analysis can be performed and improved upon in the light of more observational data from current and future survey such as SDSS-IV [62] , DESI [63] , Euclid [64] and LSST [65] . Furthermore, analogous methods could be applied to data from SKA [66] . A similar analysis can also be applied by measuring the normalised homogeneity in the temperature fluctuations of CMB as observed by Planck [7] . Potentially, one could investigate additional observational systematic effects on our probe [67] , but as shown in [68] the known systematics (modelled by the weights), do not affect the measurement of the homogeneity scale at the 1σ level. One can also extend this analysis to test Modified Gravity models or Effective Field Theory models [64] . We leave these analyses for future work. Funding for SDSS-III has been provided by the Alfred P. Sloan Foundation, the Participating Institutions, the National Science Foundation, and the U.S. Department of Energy Office of Science. The SDSS-III web site is http://www.sdss3.org/.
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